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Abstract
Quantum back reaction due to N massless fields may be worked out to a consid-
erable detail in a variant of integrable dilaton gravity model in two dimensions. It
is shown that there exists a critical mass of collapsing object of order h¯N× (cosmo-
logical constant)1/2, above which the end point of Hawking evaporation is two dis-
connected remnants of infinite extent, each separated by a mouth from the outside
region. Deep inside the mouth there is a universal flux of radiation in all directions,
in a form different from Hawking radiation. Below the critical mass no remnant
is left behind, implying complete Hawking evaporation or even showing no sign of
Hawking radiation. Existence of infinitely many static states of quantum nature is
also demonstrated in this model.
∗Work supported in part by the Grant-in-Aid for Science Research from the Ministry of
Education, Science and Culture of Japan No. 00040633 and No. 03640257
†E-mail address: YOSHIM@tuhep.phys.tohoku.ac.jp.
Although very little is known on the precise nature of quantum gravity, it is
quite plausible that a deep insight is gained by a thorough understanding of the
end point behavior of Hawking evaporation [1]. There has been a progress recently
towards this goal in two dimensional dilaton gravity theories in which the back
reaction against Hawking radiation may be taken into account in the form of a
semiclassical approximation [2], [3]. The original model of Callan, Giddings, Harvey,
and Strominger (CGHS), however, suffers from the problem of curvature singularity,
encountering the breakdown of the semiclassical approach.
Most recently, we proposed a variant of dilaton gravity model [4] in which a
classical solution describes the gravitational collapse of massive body at rest and
have shown that a wormhole is formed, radiating the black body particles in much
the same way as in the black hole radiation. The crucial element here is existence of
the event horizon, not of the singularity. Consequently we studied the back reaction
problem in this model, which is guaranteed to be singularity-free. The model is
however very difficult to analyze in the original form in which the one loop matter
effect is included as the Polyakov action.
In this paper we modify the Polyakov action in such a way that the semiclassical
equations are solvable for massless fields. This is the modification advocated by
Russo, Susskind, and Thorlacius (RST) [5]. In a variant model of this type we shall
be able to work out and classify the end point behavior of Hawking evaporation
depending on the mass of the collapsing body. There exists in this model a critical
source mass of ∼ 0.35h¯N× (cosmological constant)1/2 that defines the boundary for
a complete evaporation of the hole. For larger masses the spacetime at the end point
consists of two disconnected worlds separated by two past event horizons. Each
disconnected world has a long throat of infinite extent, separated by a mouth from
the outside. Inside the throat there is a universal flux of radiation from all, in this
case two, directions, which however cannot be interpreted as the Hawking radiation.
This result is highly non-perturbative in both the mass and h¯. For very small masses
even an approximate picture of Hawking radiation loses its meaning due to the early
onset of quantum back reaction. In general, the Hawking radiation, even if it occurs,
is a temporary and a local phenomenon in this integrable model.
We furthermore establish existence of infinitely many static states above a critical
mass, h¯N
12
× (cosmological constant)1/2. How precisely these states are related to
the problem of Hawking evaporation is yet to be explored. But it is presumably
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an indication of infinitely many quantum states bound by gravity that may store
quantum information.
We consider the two dimensional dilaton gravity defined by the classical action
[6],
Sr =
1
2π
∫
d2x
√−g [ e−2ϕ (−R − 4 ∂µϕ∂µϕ+ 4λ2) + L(m) ] . (1)
This model differs from the original CGHS model [2], in the two signs of the curvature
and the dilaton kinetic terms. The cosmological constant λ2 sets a length scale in
the theory. A novel feature of the dilaton gravity is that the coupling factor e2ϕ acts
as a varying gravitational constant, as in the Brans-Dicke theory in four dimensions.
For the matter part L(m) we take a massive field as the source of the gravity force.
It was shown in our previous paper [4] that a unique wormhole solution given by
e−2ϕ = e−2λx
0
√
1− M
2λ
e2λ(x0−|x1|) , (2)
e2ρ =
1
1− M
2λ
e2λ(x0−|x1|)
, (3)
exists when a local massive source is put at x1 = 0, whose stress tensor components
are:
T++ = T−− = T+− = −M
4π
eρ δ(x1) . (4)
In writing this solution we used the conformal coordinate, ds2 = −e2ρdx+dx− with
x± = x0 ± x1 . The curvature is localized : R = 2Me2λx0δ(x1) , and the spacetime is
everywhere flat except at the source. The global event horizon is present at x− = xH
and x+ = xH with xH = − 12λ ln M2λ .
It is straightforward to analyze the classical spacetime of this wormhole structure.
Two patches of portions of flat spacetimes are glued at the source. To a distant
observer away from the source the massive body appears to move with acceleration.
Furthermore it was shown [4] by using the quantum stress tensor obtained by one
loop integration of N massless fields, the Polyakov form, that there is an outgoing
flux of Hawking radiation from the source, Nλ
2
12pi
, in the asymptotic future infinity.
What happens to the spacetime structure if the back reaction due to Hawking
radiation is taken into account ? This is the main theme of this paper. We adopt
the quantum term in the way suggested by RST [5] which has a merit of preserving
a classical symmetry even at the quantum level: the crucial key to the integrability.
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The RST modification is defined by the effective quantum action Sq to be added
to the classical Sr of the form,
Sq = − κ
8π
∫
d2x
√−g [ R 1
✷
R + 2ϕR ] , (5)
with κ = h¯N
12
for the large N limit. The basic equations in this reversed RST model
may then be written in the conformal gauge as follows:
∂+∂−(e
−2ϕ +
κ
2
ϕ− κρ)− λ2e2ρ−2ϕ = πT+− , (6)
(1 +
κ
4
e2ϕ) ∂+∂−(ρ− ϕ) = − π
2
e2ϕ T+−, (7)
∂2± (e
−2ϕ +
κ
2
ϕ− κρ) + ∂±(ρ− ϕ) ∂±(−2e−2ϕ + κρ) = κt± − πT±± , (8)
where t± is the boundary term specified by no incoming flux condition at past infinity.
The effective gravitational constant Geff defined by R = 2πGeffT
µ
µ + (dilaton and
cosmological constant terms) is given by Geff = e
2ϕ/(1+ κ
4
e2ϕ)2 . Thus both in the
weak and the strong coupling limit, ϕ = ±∞, Geff is small. Off the local source
this semiclassical model is solvable even with presence of the massless fields [7]. In
our problem at hand we must furthermore impose the junction condition derived
by integrating the above equations for an infinitesimal interval around the source,
which relates discontinuity of derivative of fields at the source to the mass M .
Let us briefly describe how to derive the quantum solution. Start with the general
solution [7] off the source. This solution involves two sets of free fields and the
constraint equation is first solved in favor of one set of the free fields. We then
impose the boundary condition: the solution asymptotically approaches the classical
wormhole solution at infinite past. By a choice of an appropriate coordinate gauge
the boundary term is fixed by t± = 0. The junction condition is then reduced to
a pair of integro-differential equations to be solved for a single variable function,
involving the dilaton field at the source as a parameter, which will be written later
in an equivalent form. The solution thus derived is symmetrical with respect to the
source, hence one may write it only in the right region, x1 > 0. The solution in the
other region, x1 < 0, is obtained by the replacement, x+ ↔ x−. In terms of the yet
to be determined function F−, the quantum solution with the specified boundary
condition is given by
e−2ϕ − κ
2
ϕ = e−λx
+
F−(x−)− κ
4
λ (x+ − x−) + κ
2
ln |F ′−(x−)/λ|+
κ
4
3
+
κ
4
F−
∫ x−
−∞
dx
(F ′′−)
2
(F ′−)3
− κ
4
∫ x−
−∞
dx [ F−
(F ′′−)
2
(F ′−)3
+ λ ] , (9)
e2(ρ−ϕ) = − 1
λ
e−λx
+
F ′−(x
−) . (10)
A general analysis shows that consistency with the junction condition gives no
turning point for F− : F ′− 6= 0 at any finite x−. Furthermore the asymptotic behavior
at past is the classical one, F cl− =
√
e−2λx − M
2λ
, and it is a decreasing function of
the argument x. Hence, F− monotonically decreases for the quantum case as well:
F ′− < 0.
It turns out that it is much more convenient to anlayze the ordinary differential
equation derived from the above integro-differential equation expressing the junction
condition. In terms of the following single variable functions,
y = (−F ′−/λ)−
1
2 e
λ
2
x , g = eϕ¯ , h =
1
λ
g′ , (11)
with ϕ¯ = ϕ(x1 = 0), the equations to be analyzed are
1
λ
g′ = h ,
1
λ
y′ = y − 1
4
ag3
1 + κ
4
g2
, (12)
1
λ
h′ = −h+ 1
4
ag3
1 + κ
4
g2
h
y
[ 1− κ
2
g2(3 + κ
4
g2)
(1 + κ
4
g2)2
] +
3 + κ
4
g2
g (1 + κ
4
g2)
h2
+
1
4y
g3
1 + κ
4
g2
[
1
4y
a2g4
1 + κ
4
g2
− 4
y
+ κy − κ
8y
a2g6
(1 + κ
4
g2)2
] , (13)
with a = M/λ .
The set of differential equations we thus derived is readily amenable to numerical
analysis, but it is crucial to have an analytic control of late time behaviors for a
deeper understanding. In order to classify the end point behavior of solutions, it is
important first to enumerate fixed points of this set of equations. There are two fixed
points: (1) (g , h , y) = (∞ ,∞ ,∞) , (2) (g , h , y) = (2 (a− κ)−1/2 , 0 , 2 (a− κ)−1/2)
for M > κλ. It turns out that the second fixed point has one direction attractive,
but the other two directions repulsive, hence it is irrelevant to discussion of the end
point behavior. But it will later be shown that the second fixed point has another
profound implication; it is related to existence of infinitely many static states. On
the other hand, the first fixed point is an attracter and it describes the late time
behavior of evaporating hole: g = O[ eβλx ] , y = O[ eβλx ] , with 0 < β < 1 at
x =∞. There is a relation between these constants: β = 1− M
κλ
limx→∞ (g/y) . The
4
curvature calculated in this case yields a limiting behavior of R = O[ e−2βλx
0
] at late
times. The coupling behaves like ϕ ∼ βλx0. Thus this case describes the final flat
spacetime without event horizon.
Yet another important end point behavior is an approach to the allowed bound-
ary, y = 0. As both verified by numerical analysis and the following analytic method,
it is possible to have solutions approaching this boundary at a finite x = xc according
to
y ∼ y0(xc − x)− y1(xc − x)α+2 , (14)
g ∼ gc − h0
α+ 1
(xc − x)α+1 , (15)
with −1 < α < 0. Consistency leads to a critical mass given by Mcr ≃ 4.2 κλ , above
which this behavior is realized when the parameters gc and y0 are given in terms of
a = M/λ by
κ
4
a2g6c − (a2 − κ2)g4c + 8κg2c + 16 = 0 , (16)
and y0 =
λ
4
ag3c/(1 +
κ
4
g2c ) . The exponent α obeys: α
2 + Bα − C = 0 , with
B(M/λ) , and C(M/λ) functions of the mass. A real solution of the exponent α
with −1 < α < 0 exists only for M > Mcr. There is also a relation between the
coefficients of the next leading terms, y1 and h0.
y
g
M=3
M=1.5
M=0.1
M=100
M=4.2
0
0
Fig 1. Schematic trajectories of the dilaton field g = eϕ and y =
(−F ′−/λ)−1/2 eλx/2 at the source for various masses, M measured in unit
of κλ. Trajectories start at the origin with the classical behavior, y =
− a4 g3 +
√
g2 + a
2
16 g
6 , a = M/λ , and evolve as the arrows indicate.
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In Fig.1 is plotted the schematic outline of trajectories projected onto the (g , y)
plane for various source masses. It is seen that above the critical mass of ∼ 4.2κλ the
coupling at the source g approaches a finite value, while below the critical mass it
goes to infinity in the end, exhibiting complicated transient behaviors at intermediate
masses.
Before discussing meaning of these results, let us enumerate the limiting behaviors
of the parameters gc , y0 , and α: the large mass limit M → ∞ is given by g2c ∼
4
κ
[1 − κ2λ2
M2
] , y0 ∼ 1κ√κ M , α ∼ −2 κλM , while the critical mass limit M → Mcr
is by g2c ∼ 2.2κ [1 + 1.1δ/
√
κ ] , α + 1 ∼ δ/0.79 , with δ =
√
M−Mcr
Mcr
.
Let us now discuss the M > Mcr case. It is straightforward to write down the
leading end point behavior near x− ∼ xc in the region right to the source, x+ > xc;
e−2ϕ − κ
2
ϕ ∼ λ
y20
1
xc − x− [1− e
−λ(x+−xc) ]− κ
4
λx+ , (17)
e2(ρ−ϕ) ∼ 1
y20
e−λ(x
+−xc) 1
(xc − x−)2 . (18)
For a finite x+ the dilaton field ϕ approaches a negative infinity as x− → x−c : a
weak coupling behavior, and the metric e2ρ has a factorized form of two separate
functions of x+ and x−. It is thus clear that the spacetime at x− ∼ xc with a finite
x+ is almost flat, because R ∝ ∂+∂−ρ = 0. Moreover, since e−2ϕ ∝ 1/(xc − x−), the
metric e2ρ ∝ 1/(xc−x−). This behavior is characteristic of the global event horizon.
Indeed, the flat coordinate, ds2 ∼ − dξ+dξ−, in this portion of the spacetime is given
by
ξ+ =
1
λ
ln(1− e−λ(x+−xc)) , ξ− = − 1
λ
lnλ(xc − x−) ,
with an infinite range of −∞ < ξ+ < 0 ,−∞ < ξ− < ∞ . It turns out that the two
lines of x+ = xc , x
1 > 0 and x− = xc , x1 < 0 are the past event horizon as in the
classical case.
The curvature in the vicinity of the local source may be evaluated by directly
computing R = 8e−2ρ ∂+∂−ρ. Its end point behavior is then given by R ∼ − 4λ2 (1+
16
a2g4c
)/(1 + κ
4
g2c ) , having a large mass limit of ∼ − 2λ2 for M → ∞. At the source
an infinite proper time is needed to approach the end point,
τ =
∫ xc
dx0 eρ¯ ∼ gc
y0
∫ xc dx0
xc − x0 =∞ , (19)
in contrast to a finite value in the classical case.
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How about the other side of the end point, x+ = ∞ ? This portion of the
spacetime is in the strong coupling region; ϕ ∼ 1
2
(λx+−D−) , withD− ∝ 1/(xc−x−) ,
near x− = xc. The metric behaves as e2ρ ∝ e−D−/(xc − x−)2 . It can be shown that
the curvature R = O[e−λx
+
] in this region. This flat region may be called the
outside, and the previous x− = xc region the inside or the throat. The long throat
is separated by the outside at the corner ( x− = xc , x+ =∞ ), which may be called
the mouth.
Information on the Hawking radiation is contained in the quantum stress tensor
components derived by one loop matter integration, which is given in the reversed
RST model as
〈T±±〉 = − κ
π
[
∂2±ρ− (∂±ρ)2 + ∂±ρ ∂±ϕ−
1
2
∂2±ϕ
]
, (20)
〈T+−〉 = κ
2π
∂+∂−(2ρ− ϕ) . (21)
Note that this formula is valid only in the original x± coordinate, since the boundary
term t±(x±) vanishes only in this coordinate and it is not a tensor. Interpretation of
the stress component is however clearest in the locally flat coordinate system, hence
the coordinate transformation must be performed.
With this remark in mind one may show that the asymptotic flux at future
null infinity x+ = ∞ always vanishes. First, above the critical mass, M > Mcr,
one expresses the stress tensor in terms of g, y, h by using the relevant form, ϕ ∼
1
2
(λx+ − D−) . By using the exact differential equations for these quantities, one
can rigorously prove that 〈T±±〉 = 0 = 〈T+−〉 . The vanishing stress tensor in the
subcritical case is much easier to demonstrate.
Does this result mean that the Hawking radiation never exists ? We do not
think that this is necessarily so. It only seems to imply that Hawking radiation is a
temporary and a local phenomenon, not a universal one independent of any observer
far away from the collapsing body. But one may certainly have a situation in which
the Hawking process lasts for a large time interval. To illustrate this point, consider
an observer at a finite x1. One can define a region in which the semiclassical picture
is valid by comparing the two terms in the determinental equation;
e−2ϕ − κ
2
ϕ = e−λx
+
F− − κ
4
(λx+ −D−) . (22)
The semiclassical region is given by e−λx
+ |F−| ≥ | κ4 (λx+ −D−) | . If the Hawking
picture is valid in this region, this inequality must be obeyed even when one inserts
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the classical solution near the event horizon;
e−2λx
0
√
2λ(xH − x−) ≫ κ
2
| λx0 + 3
4
ln 2λ(xH − x−) | .
This yields a limited region of |λx1| < O[ ln M
κλ
] where one can see the Hawking
radiation clearly. The duration for which it lasts is of O[1/λ] around x0 = xH + x
1.
The behavior of the stress tensor near the end point, x− = xc, is also interesting.
One finds for the stress components in the flat coordinate ξ±,
〈Tξ−ξ−〉 = (dx
−
dξ−
)2 〈T−−〉 ∼ − κλ
2
4π
, (23)
〈Tξ+ξ+〉 ∼ − κλ
2
4π
1− 2eλξ+
(1− eλξ+)2 . (24)
Away from the mouth region, |λξ+| ≫ 1, and there exists radiation flux of both
right and left movers of equal magnitude, κλ
2
4pi
= Nλ
2
48pi
. This value coincides with the
universal flux observed in the final state of the cosmological model [7], but differs
from the semiclassical flux radiating from the classical event horizon by a factor 1
4
.
As one approaches the mouth region, ξ+ → 0, and the left moving component of the
stress tensor, 〈Tξ+ξ+〉, behaves strangely: it changes the sign and tends to diverge.
But this is precisely the region in which the above approximation breaks down.
Finally, we demonstrate existence of infinitely many static states above a critical
mass, M > κλ. Reconsider the second case of the fixed point. Perturbation around
this fixed point indicates that the unique time dependent approach to the fixed
point is obtained with y = 2 (a − κ)−1/2 fixed and 2ag′ + 1
λ
g′′ = 0 , giving g =
2 (a− κ)−1/2 + ǫ e−2Mx , with ǫ an infinitesimally small parameter.
Spacetime structure of this solution is derived from −F ′−/λ = eλx/y2 = 14 (a −
κ) eλx . Asymptotically as x0 →∞,
e−2ϕ − κ
2
ϕ = − 1
4
(a− κ) e−2λ|x1| − κ
2
λ|x1|+ κC , (25)
e2ρ = e2ϕ
1
4
(a− κ) e−2λ|x1| . (26)
The solution thus represents a localized static state. The calculated curvature is ev-
erywhere regular and negative, implying that this state acts as a source of attraction.
The asymptotic behavior at |x1| =∞ is like R = −O[λ2/(κ(a−κ)) e−2λ|x1| ] , hence
it has no classical analogue at κ = 0. Moreover a nontrivial node with ∂1 ϕ = 0
exists at |x1| = 1
2λ
ln(M
κλ
− 1) , for M > 2κλ.
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The solution thus derived is valid in the asymptotic future region, because we can
only analyze small deviation away from the fixed point. But existence of a global time
dependent solution approaching this asymptotic behavior should be evident from the
uniqueness of the solution to the differential equations. Furthermore it should not
be confused that this solution has direct relevance to the gravitational collapse of
massM considered up to now, since the past boundary condition, though not known
at present, is expected to be different from the classical wormhole condition. But
some kind of perturbation to the standard collapse model should be able to push
the configuration towards the fixed point. We may then expect that this static state
can appear in the collision process, for instance, a collision between the hole and
a massless shock wave. This does not however mean that it is easy to excite the
static state in the collision process, since for a specified mass M there is only one
unique trajectory ending at the fixed point, which suggests that the perturbation
must be fine tuned to excite this state with a large cross section. Existence of static
states for any mass above the critical one is presumably an indication of infinitely
many quantum objects yet to identified. The quantum information apparently lost
by emission of the black body radiat ion may be stored in these objects. We hope
to cover these problems in future.
Our model is only a toy model of Hawking evaporation and should not be taken
too seriously. But it incorporates many novel ideas that have been proposed so far
to resolve the information loss paradox; creation of a baby universe [8], [9], quan-
tum remnant in the form of horned particles [10], existence of infinitely degenerate
quantum states [11], and early onset of the back reaction [12]. It is surprising that
fragments of these ideas are already available on the market. Perhaps our sole con-
tribution here is to have a coherent and an integrated picture for these ideas in the
form of the integrable model. This, we believe, is more than enough to justify our
insistence on a particular model.
In summary, we constructed a model of the gravitational collapse of a massive
body and pursued its fate caused by quantum back reaction due to N massless fields.
There is a critical mass of the body of order 4.2× h¯N
12
× (cosmological constant)1/2.
Above this mass the end point of the collapse is a pair of remnants surrounded by the
quantum mouth. Inside the mouth there is a universal flux of radiation everywhere
in a form different from Hawking radiation. Below the critical mass the Hawking
evaporation cannot last for long, producing a flat spacetime without horizon in the
9
end. The Hawking process is a transient and a local phenomenon, not universal
to any distant observer. Furthermore existence of infinitely many static states is
demonstrated for masses above M > h¯N
12
× (cosmological constant)1/2.
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